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Antoulas
(2005)

Antoulas/Beattie/Gugercin
(2020)

Saad
(2011)

▶ Pencil & realisation [Antoulas/Mayo/Trefethen/Embree/Ionita/...]
▶ pLTI [Antoulas/Ionita/Lefteriu/Gosea/Vojković/Quero/Vuillemin/P-V./...]
▶ B-LTI, Q-LTI [Antoulas/Benner/Gosea/Karachalios/Pontes/Willcox/P-V./...]
▶ pHS [Van-Dooren/Beattie/Gugercin/Benner/Schwerdtner/Matignon/...]

side. Stability analysis [Vuillemin/P-V.]
side. Control [Kergus/Vuillemin/P-V.]
side. Discretization [Vuillemin/P-V.]
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Part 1 (reminder)
▶ Linear dynamical systems
▶ Realisation and transfer functions

Part 2 (Loewner)
▶ Realisation minimality
▶ Data-driven approximation
▶ Barycentric form

Part 3 (Loewner extended)
▶ Linear passive model (& pH)
▶ Linear parametric model
▶ Some non-linear models

Karel Löwner (Czech)
1893 - 1968

Ph.D. advisor: G.A. Pick
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ny
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S :
{

Eẋ(t) = Ax(t) + Bu(t)
y(t) = Cx(t)

N(s)

d(s)

+
P(s)

ny

nu

H(s) = C
(

sE − A
)−1

B

= N(s)/d(s) + P(s)

Realisations
▶ E, A, B, C are (real) matrices
▶ Internal knowledge u 7→ x 7→ y
▶ Realisations are infinite
▶ u(t) ∈ Rnu ,

y(t) ∈ Rny ,
x(t) ∈ Rn

Transfer functions
▶ H is a (complex) function
▶ External knowledge u 7→ y
▶ Transfer functions are unique
▶ u(s) ∈ Cnu ,

y(s) ∈ Cny
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Structures
L-ODE
L-ODE / DAE-1
L-DAE
L-DDE
L-PDE

ack. V. Berlandis

Model
(Time-domain) S ∼ u → x → y

(Frequency-domain) H ∼ u → y

Dynamical model H (S)

x =

 x1(.)
x2(.)

...


Σ 

y1(.)
y2(.)

...
yny (.)

 = yu =


u1(.)
u2(.)

...
unu (.)


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Structures
L-ODE
L-ODE / DAE-1
L-DAE
L-DDE
L-PDE

Transfer function

H(s) =
2

s + 1

ODE realisation S

ẋ = −x + 2u
y = x

Singularities of matrix pencil (A, E)

Λ(S) = Λ(−1, 1) = {−1}
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Structures
L-ODE
L-ODE / DAE-1
L-DAE
L-DDE
L-PDE

Transfer function

H(s) =
2

s + 1
+2 =

2s + 4
s + 1

ODE realisation S1

ẋ = −x + 2u
y = x+2u

Singularities of matrix pencil (A, E)

Λ(S1) = Λ(−1, 1) = {−1}
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Structures
L-ODE
L-ODE / DAE-1
L-DAE
L-DDE
L-PDE

Transfer function

H(s) =
2

s + 1
+2 =

2s + 4
s + 1

DAE index-1 realisation S2

ẋ1 = −x1 + 2u
0 = −x2 + 2u = x2 − 2u
y = x1+x2

Singularities of matrix pencil (A, E)a

Λ(S2) = Λ
([

−1
1

]
,

[
1

])
= {−1, ∞}

aBT =
[

2 −2
]

and C =
[

1 1
]
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Structures
L-ODE
L-ODE / DAE-1
L-DAE
L-DDE
L-PDE

Transfer function

H(s) =
2

s + 1
+2 =

2s + 4
s + 1

DAE index-1 realisation S2 (canonical form)([
A1= −1

In2 = 1

]
,

[
In1 = 1

N= 0

])
Index is the k-nilpotent degree of N

▶ Finite dynamic modes
n1= 1

▶ Infinite dynamic (impulsive) modes
rank(E) − n1 = rank(N)= 1 − 1 = 0

▶ Non dynamic modes
n − rank(E)= 2 − 1 = 1
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Structures
L-ODE
L-ODE / DAE-1
L-DAE
L-DDE
L-PDE

Transfer function

H(s) =
2

s + 1
+s =

s2 + s + 2
s + 1

DAE index-2 realisation S

ẋ2 = x1
ẋ3 = x2
x2 = −x3 + u = x3 − u
y = x1 + x2 + 2x3

Singularities of matrix pencil (A, E)

Λ(S) = {−1, ∞, ∞}

▶ Finite dynamic modes n1= 1
▶ Impulsive modes rank(E) − n1= 2 − 1 = 1
▶ Non dynamic modes n − rank(E)= 3 − 2 = 1
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Structures
L-ODE
L-ODE / DAE-1
L-DAE
L-DDE
L-PDE

Transfer function

H(s) =
1

s + e−ps

L-DDE realisation S

ẋ = −x(t − p) + u
y = x

Singularities (periodic)

Λ(S) = {ω s.t. s + cos(ps) + ı sin(ps) = 0}
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Structures
L-ODE
L-ODE / DAE-1
L-DAE
L-DDE
L-PDE

Transfer function (boundary controlled transport)

H(s) =
ω2

0
s2 + mω0s + ω2

0

√
π

√
s

e−x2s
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Structures
L-ODE
L-ODE / DAE-1
L-DAE
L-DDE
L-PDE

Model
▶ (A, B, C) and H(s)
▶ (A, B, C, D) and H(s)
▶ (E, A, B, C) and H(s)
▶ (Ai . . . , B, C, τi) and H(s)
▶ H(s)
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Linear dynamical systems
Why all this? What is common?



Structures
L-ODE
L-ODE / DAE-1
L-DAE
L-DDE
L-PDE

ack. V. Berlandis

Model
(Time-domain) S ∼ u → x → y

(Frequency-domain) H ∼ u → y

Dynamical model H (S)

x =

 x1(.)
x2(.)

...


Σ 

y1(.)
y2(.)

...
yny (.)

 = yu =


u1(.)
u2(.)

...
unu (.)


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Structures
L-ODE
L-ODE / DAE-1
L-DAE
L-DDE
L-PDE

Data
Time-domain
Frequency-domain

Model
(Time-domain) S ∼ u → x → y

(Frequency-domain) H ∼ u → y

Dynamical model H (S)

x =

 x1(.)
x2(.)

...


Σ 

y1(.)
y2(.)

...
yny (.)

 = yu =


u1(.)
u2(.)

...
unu (.)



(Time-domain) {ti, G(ti)}N
i=1

(Frequency-domain) {zi, G(zi)}N
i=1

Data
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SISO interpolation problem
Given the right and left data (λj and µi are distinct):

{λj , wj} j = 1, . . . , k
{µi, vT

i } i = 1, . . . , q

we seek S : (E, A, B, C), whose transfer function is H(s) = C(sE − A)−1B s.t.

H(λj) = wj j = 1, . . . , k
H(µi) = vT

i i = 1, . . . , q

A.J. Mayo and A.C. Antoulas, "A framework for the solution of the generalized realisation problem",
Linear Algebra and its Applications, vol. 425(2-3), 2007.

I.V. Gosea, C. P-V. and A.C. Antoulas, "Data-driven modeling and control of large-scale dynamical
systems in the Loewner framework", Handbook in Numerical Analysis, vol. 23, January 2022.
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MIMO tangential interpolation problem
Given the right and left data (λj and µi are distinct):

{λj , rj , wj} j = 1, . . . , k
{µi, lT

i , vT
i } i = 1, . . . , q

we seek S : (E, A, B, C), whose transfer function is H(s) = C(sE − A)−1B s.t.

H(λj)rj = wj j = 1, . . . , k
lT
i H(µi) = vT

i i = 1, . . . , q

A.J. Mayo and A.C. Antoulas, "A framework for the solution of the generalized realisation problem",
Linear Algebra and its Applications, vol. 425(2-3), 2007.

I.V. Gosea, C. P-V. and A.C. Antoulas, "Data-driven modeling and control of large-scale dynamical
systems in the Loewner framework", Handbook in Numerical Analysis, vol. 23, January 2022.
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The right data can be expressed as:

Λ = diag [λ1, . . . , λk] ∈ Ck×k,

R =
[
r1 r2 . . . rk

]
∈ Cnu×k

W =
[
w1 w2 . . . wk

]
∈ Cny×k

and the left data can be expressed as:

M = diag [µ1, . . . , µq ] ∈ Cq×q

LT =
[
l1 l2 . . . lq

]
∈ Cny×q

VT =
[
v1 v2 . . . vq

]
∈ Cnu×q
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The right data can be expressed as:

Λ = diag [λ1, . . . , λk] ∈ Ck×k,

R =
[
r1 r2 . . . rk

]
∈ Cnu×k

W =
[
w1 w2 . . . wk

]
∈ Cny×k

and the left data can be expressed as:

M = diag [µ1, . . . , µq ] ∈ Cq×q

LT =
[
l1 l2 . . . lq

]
∈ Cny×q

VT =
[
v1 v2 . . . vq

]
∈ Cnu×q

The Loewner matrix in this case is

L =


vT

1 r1−lT
1 w1

µ1−λ1
. . .

vT
1 rk−lT

1 wk

µ1−λk

...
. . .

...
vT

q r1−lT
q w1

µq−λ1
. . .

vT
q rk−lT

q wk

µq−λk

 ∈ Cq×k

With this notation L satisfy the Sylvester equation : ML − LΛ = VR − LW.
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The Loewner matrix is:

L =


vT

1 r1−lT
1 w1

µ1−λ1
. . .

vT
1 rk−lT

1 wk

µ1−λk

...
. . .

...
vT

q r1−lT
q w1

µq−λ1
. . .

vT
q rk−lT

q wk

µq−λk

 ∈ Cq×k

ML − LΛ = VR − LW

The shifted Loewner matrix is:

M =


µ1vT

1 r1−lT
1 w1λ1

µ1−λ1
. . .

µ1vT
1 rk−lT

1 wkλk

µ1−λk

...
. . .

...
µqvT

q r1−lT
q w1λ1

µq−λ1
. . .

µqvT
q rk−lT

q wkλk

µq−λk

 ∈ Cq×k

MM−MΛ = MVR − LWΛ
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If data are sampled from G(s) = C(sE − A)−1B, let us define :

Oq =

lT
1 C(µ1E − A)−1

...
lT
q C(µqE − A)−1

 , Rk =
[
(λ1E − A)−1Br1, . . . , (λkE − A)−1Brk,

]
of size q × n and n × k respectively, be the generalised tangential observability and
controllability matrices. Then,

[L]ij =
vT

i rj − lT
i wj

µi − λj

= −lT
i C(µjE − A)−1E(λiE − A)−1Brj

= −[Oq ]iE[Rk]j

[M]ij =
µivT

i rj − lT
i wjλj

µi − λj

= −lT
i C(µjE − A)−1A(λiE − A)−1Brj

= −[Oq ]iA[Rk]j
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Assume that k = q, and let, be a regular pencil. Then

E = −L, A = −M, , B = V, C = W,

is a descriptor realisation of minimal interpolant of the data, i.e. , the rational function
H(s) = W(M− sL)−1V interpolates the data.

Suppose that we have more data than necessary. The problem has a solution if

rank[ξL −M] = rank[L, M] = rank
[
L
M

]
= r, ξ ∈ {λi} ∪ {µj}

[L, M] = Y ΣlX̃
H ,

[
L
M

]
= Ỹ ΣrXH , Y , X ∈ CN×n.

A realisation (E, A, B, C) of an (approximate) interpolant is given by:

E = −Y HLX, A = −Y HMX, B = −Y HV, C = WX

C. P-V. [ONERA / MOR Digital Systems - 20/49]
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Assume that k = q, and let, be a regular pencil. Then

E = −L, A = −M, , B = V, C = W,

is a descriptor realisation of minimal interpolant of the data, i.e. , the rational function
H(s) = W(M− sL)−1V interpolates the data.

If the solution is not unique, all solutions of the same McMillan degree are
parametrized as

A realisation (E, A, B, C, D) of an interpolant is given by (K ∈ Cny×nu ):

E = −L, A = −(M− LKR), B = V − LK, C = W − KR D = K.
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Given {λj , rj , wj} and {µi, li, vi},
seek H s.t.

H(λj)rj = wj and liH(µi) = vi

j = 1, . . . , k; i = 1, . . . , q.

Rational interpolation
H(s) = W(−sL+M)−1V

A.J. Mayo and A.C. Antoulas, "A framework for the solution of the generalized realisation problem",
Linear Algebra and its Applications, vol. 425(2-3), 2007.
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Given {λj , rj , wj} and {µi, li, vi},
seek H s.t.

H(λj)rj = wj and liH(µi) = vi

j = 1, . . . , k; i = 1, . . . , q.

Rational interpolation
H(s) = W(−sL+M)−1V

Facts
▶ underlying rational (r) order

r = rank(ξL−M)
= rank([L,M])
= rank([LH ,MH ]H)

▶ and McMillan (ν) order

ν = rank(L)

▶ Both L and M are input-output
independents.

▶ Both L and M are projections of
E and A onto the generalized
observability and controllability
spaces.

A.J. Mayo and A.C. Antoulas, "A framework for the solution of the generalized realisation problem",
Linear Algebra and its Applications, vol. 425(2-3), 2007.
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G(s) =
1

s2 + 1

Sampled with

λ1 = 1, λ2 = 2
µ1 = −1, µ2 = −2

Leads to

w1 =
1
2

, w2 =
1
5

v1 =
1
2

, v2 =
1
5

.

C. P-V. [ONERA / MOR Digital Systems - 23/49]
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Rational function satisfies

H(λj) = wj and H(µi) = vi

Realisation n = 2

H(s) = W(−sL+M)−1V

G(s) =
1

s2 + 1

Sampled with

λ1 = 1, λ2 = 2
µ1 = −1, µ2 = −2

Leads to

w1 =
1
2

, w2 =
1
5

v1 =
1
2

, v2 =
1
5

.

W =
[

1
2

1
5

]
, V =

[
1
21
5

]
L =

[
0 − 1

101
10 0

]
, M =

[
1
2

3
103

10
1
5

]
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Rational function satisfies

H(λj) = wj and H(µi) = vi

Rank reveals the underlying rational (r)
and McMillan (ν) orders

rank(ξL−M) = r

rank(L) = ν

r = 2 and ν = 2, (M,L) pencil regular

H(s) = W(−sL +M)−1V = G(s)

G(s) =
1

s2 + 1

Sampled with

λ1 = 1, λ2 = 2
µ1 = −1, µ2 = −2

Leads to

w1 =
1
2

, w2 =
1
5

v1 =
1
2

, v2 =
1
5

.

W =
[

1
2

1
5

]
, V =

[
1
21
5

]
L =

[
0 − 1

101
10 0

]
, M =

[
1
2

3
103

10
1
5

]
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G(s) =
1

s2 + 1

Sampled with

λ1 = 1, λ2 = 2, λ2 = 3
µ1 = −1, µ2 = −2
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Rational function satisfies

H(λj) = wj and H(µi) = vi

Realisation rectangular "n = 2 × 3"

H(s) = W(−sL+M)†V

G(s) =
1

s2 + 1

Sampled with

λ1 = 1, λ2 = 2, λ2 = 3
µ1 = −1, µ2 = −2

Leads to

W =
[

1
2

1
5

1
10

]
, V =

[
1
21
5

]
L =

[
0 − 1

10 − 1
101

10 0 − 1
50

]
M =

[
1
2

3
10

1
53

10
1
5

7
5

]
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Rational function satisfies

H(λj) = wj and H(µi) = vi

Rank reveals the underlying rational (r)
and McMillan (ν) orders

rank(ξL−M) = r

rank(L) = ν

r = 2 and ν = 2

H(s) = W(−sL +M)†V

=
1

s2−4.650e − 16s + 1

G(s) =
1

s2 + 1

Sampled with

λ1 = 1, λ2 = 2, λ2 = 3
µ1 = −1, µ2 = −2

Leads to

W =
[

1
2

1
5

1
10

]
, V =

[
1
21
5

]
L =

[
0 − 1

10 − 1
101

10 0 − 1
50

]
M =

[
1
2

3
10

1
53

10
1
5

7
5

]
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G(s) =
s2 + s + 2

s + 1

Sampled with

λ1...20 = [1, 2, . . . , 20]
µ1...20 = [1.5, 2.5, . . . , 20.5]

10-2 10-1 100 101

0

2

4

6

8

10

12

14

16

18
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Rational function satisfies

H(λj) = wj and H(µi) = vi

Realisation n = 20

H(s) = W(−sL+M)−1V

G(s) =
s2 + s + 2

s + 1

Sampled with

λ1...20 = [1, 2, . . . , 20]
µ1...20 = [1.5, 2.5, . . . , 20.5]
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Rational function satisfies

H(λj) = wj and H(µi) = vi

Rank reveals the underlying rational (r)
and McMillan (ν) orders

rank(ξL−M) = r

rank(L) = ν

G(s) =
s2 + s + 2

s + 1

Sampled with

λ1...20 = [1, 2, . . . , 20]
µ1...20 = [1.5, 2.5, . . . , 20.5]
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Rational function satisfies

H(λj) = wj and H(µi) = vi

Rank reveals the underlying rational (r)
and McMillan (ν) orders

rank(ξL−M) = r

rank(L) = ν

r = 3 and ν = 2

H(s) = WX(−sY HLX + Y HMX)−1...
Y HV

=
s2 + s + 2

s + 1

G(s) =
s2 + s + 2

s + 1

Sampled with

λ1...20 = [1, 2, . . . , 20]
µ1...20 = [1.5, 2.5, . . . , 20.5]
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G(s) =
1

s2 + (1 + ı)s + (1 + ı)

Sampled with

λ1 = ı, λ2 = 2ı, λ3 = −2 + ı
µ1 = −ı, µ2 = 2, µ3 = 0.5 − ı

Leads to

w1, w2, w3 and v1, v2, v3
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Loewner
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Rational function satisfies

H(λj) = wj and H(µi) = vi

Rank reveals the underlying rational (r)
and McMillan (ν) orders

rank(ξL−M) = r

rank(L) = ν

H(s) =
(1 + 2.22e − 16ı)

s2 + (1 + ı)s + (1 + ı)

G(s) =
1

s2 + (1 + ı)s + (1 + ı)

Sampled with

λ1 = ı, λ2 = 2ı, λ3 = −2 + ı
µ1 = −ı, µ2 = 2, µ3 = 0.5 − ı

Leads to

w1, w2, w3 and v1, v2, v3

L̂ =
[

−0.207 + 0.9568ı −0.1276 − 0.0294ı
−0.0438 − 0.0818ı 0.039 − 0.1089ı

]
M̂ =

[
0.4738 − 0.0560ı 0.0089 − 0.3392ı
0.2253 − 0.1607ı −0.0342 + 0.1308ı

]
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Rational function satisfies

H(λj) = wj and H(µi) = vi
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]
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0.2253 − 0.1607ı −0.0342 + 0.1308ı

]
C. P-V. [ONERA / MOR Digital Systems - 26/49]

Loewner
Loewner examples (complex dynamical tippe top case)



MIMO interpolation problem
Given the right the left data (λi and µj are distinct):

{λi, wi} i = 1, . . . , k
{µj , vT

j } j = 1, . . . , q

we seek S : (E, A, B, C), whose transfer function is H(s) = C(sE − A)−1B s.t.

H(λi) = wi i = 1, . . . , k
H(µj) = vT

j j = 1, . . . , q

L =


v1−w1
µ1−λ1

. . .
v1−wk
µ1−λk

...
. . .

...
vq−w1
µq−λ1

. . .
vq−wk

µq−λk

 ∈ Cnyq×nuk and let Lc = 0

C. P-V. [ONERA / MOR Digital Systems - 27/49]
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Consider system G in barycentric form

G(s) =

∑n

i
βiqi(s)∑n

i
αiqi(s)

, where qi(s) =
n∏

i′=1,i′ ̸=i

(s − λi′ )

Constructing the Loewner matrix with {λ1, . . . , λk}, {w1, . . . , wk} and solving

Lc = 0

leads to H in Lagrangian basis

H(s) = cw︸︷︷︸
C

[
Ls,λ,k

c

]−1

︸ ︷︷ ︸
Φ(s)−1

[
0
1

]
︸ ︷︷ ︸

B

Lt,x,n =

 t − x1 x2 − t
t − x1 x3 − t

. . .

 ∈ Rn×(n+1)
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Consider system G in barycentric form

G(s) =

∑n

i
βiqi(s)∑n

i
αiqi(s)

, where qi(s) =
n∏

i′=1,i′ ̸=i

(s − λi′ )

Constructing the Loewner matrix with {λ1, . . . , λk}, {w1, . . . , wk} and solving

Lc = 0

leads to H in Lagrangian basis

H(s) = cw︸︷︷︸
C

[
Ls,λ,k

c

]−1

︸ ︷︷ ︸
Φ(s)−1

[
0
1

]
︸ ︷︷ ︸

B

Lt,x,n =

 t − x1 x2 − t
t − x1 x3 − t

. . .

 ∈ Rn×(n+1)
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G(s) =
2

s + 1

Sampled with

λ1 = 1, λ2 = 3 and µ1 = 2, µ2 = 4

Leads to

w1 = 1, w2 =
1
2

and v1 =
2
3

, v2 =
2
5

C. P-V. [ONERA / MOR Digital Systems - 29/49]
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Rational function satisfies

H(λj) = wj and H(µi) = vi

Realisation n = 2

H(s) = CΦ(s)−1B = G(s)

G(s) =
2

s + 1

Sampled with

λ1 = 1, λ2 = 3 and µ1 = 2, µ2 = 4

Leads to

w1 = 1, w2 =
1
2

and v1 =
2
3

, v2 =
2
5

ker(L) =
[

−1
2

]
C = cw =

[
−1 1

]
, B =

[
0
1

]
Φ(s) =

[
Ls,λ,1

c

]
=

[
s − 1 3 − s
−1 2

]
C. P-V. [ONERA / MOR Digital Systems - 29/49]
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Structures
L-ODE
L-ODE / DAE-1
L-DAE
L-DDE
L-PDE

L-pH
pL-DAE
B-DAE
Q-DAE

Model
▶ (A, B, C) and H(s)
▶ (A, B, C, D) and H(s)
▶ (E, A, B, C) and H(s)
▶ (Ai . . . , B, C, τi) and H(s)
▶ H(s)

▶ (Q, J, R, G, P, N, S) and H(s)
▶ (Ej , Aj , Bj , Cj) and H(s, pj)
▶ (A, B, C, N) and H(s1, s2, . . . , sk)
▶ (A, B, C, Q) and H(s1, s2, . . . , sk)
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Structures
L-ODE
L-ODE / DAE-1
L-DAE
L-DDE
L-PDE

L-pH
pL-DAE
B-DAE
Q-DAE

Passivity
ẋ = Ax + Bu
y = Cx + Du

Φ(s) = HT (−s) + H(s)

Passive = Φ(ıω) > 0 & stable & D ≻ 0

pH
ẋ = (J − R)Qx + (G − P )u
y = (G + P )T Qx + (N + S)u

V =
[

−J −G
GT N

]
and W =

[
R P

P T S

]
satisfy V = −VT , W = WT ⪰ 0 and Q = QT ⪰ 0

C. P-V. [ONERA / MOR Digital Systems - 32/49]
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Structures
L-ODE
L-ODE / DAE-1
L-DAE
L-DDE
L-PDE

L-pH
pL-DAE
B-DAE
Q-DAE

Transfer function

H(s) =
2s + 4
s + 1

ODE realisation S1

ẋ = −x + 2u
y = x + 2u

C. P-V. [ONERA / MOR Digital Systems - 33/49]
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Structures
L-ODE
L-ODE / DAE-1
L-DAE
L-DDE
L-PDE

L-pH
pL-DAE
B-DAE
Q-DAE

Transfer function

H(s) =
2s + 4
s + 1

ODE realisation S1

ẋ = −x + 2u
y = x + 2u

L-pH realisation S2

ẋ = (0 − 1)1x + (−2 − 1.4142)u
y = (−2 + 1.4142)x + (0 + 2)u

where V = −VT , W = WT ⪰ 0 and Q = QT ⪰ 0

V =
[

0 2
−2 0

]
and W =

[
1 1.4142

1.4142 2

]

C. P-V. [ONERA / MOR Digital Systems - 33/49]
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The right data can be expressed as:
Λ = diag [λ1, . . . , λk] ∈ Ck×k,

R =
[
r1 r2 . . . rk

]
∈ Cm×k

W =
[
w1 w2 . . . wk

]
∈ Cm×k

and the left data can be expressed as:
M = −ΛH = diag [µ1, . . . , µq ] ∈ Cq×q

LT = RH =
[
l1 l2 . . . lq

]
∈ Cm×q

VT = −WH =
[
v1 v2 . . . vq

]
∈ Cm×q

Spectral zeros are (λj , rj) from standard Loewner ( n zeros in the open right half-plane)[
0 A B

AT 0 CT

BT C D + DT

] [
pj

qj

rj

]
= λj

[
0 E 0

ET 0 0
0 0 0

] [
pj

qj

rj

]

P. Benner, P. Goyal and P. Van-Dooren, "Identification of Port-Hamiltonian Systems from Frequency
Response Data", Systems & Control Letters, vol. 143, 2020.
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The right data can be expressed as:

Λ = diag [λ1, . . . , λk] ∈ Ck×k,

R =
[
r1 r2 . . . rk

]
∈ Cm×k

W =
[
w1 w2 . . . wk

]
∈ Cm×k

and the left data can be expressed as:

M = −ΛH = diag [µ1, . . . , µq ] ∈ Cq×q

LT = RH =
[
l1 l2 . . . lq

]
∈ Cm×q

VT = −WH =
[
v1 v2 . . . vq

]
∈ Cm×q

Construct H(s) of McMillan degree n as follows:

H(∞) = D , H(λj)rj = wj and rH
j H(−λj) = −wH

j

where D + DT ≻ 0 and L ≻ 0, then S of H(s) is a normalised pH form.

P. Benner, P. Goyal and P. Van-Dooren, "Identification of Port-Hamiltonian Systems from Frequency
Response Data", Systems & Control Letters, vol. 143, 2020.
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G(s) = RLC circuit (n = 200)
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Rational function satisfies

H(λj) = wj and H(µi) = vi
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Structures
L-ODE
L-ODE / DAE-1
L-DAE
L-DDE
L-PDE

L-pH
pL-DAE
B-DAE
Q-DAE

Transfer function (degree r = 2 in s and q = 1 in p)

G(s, p) =
1

s2 + ps + 1

Sampled as

[s1, . . . , s100] = ı[10−1, . . . , 10]
[p1, . . . , p6] = [0.1, . . . , 1]

C. P-V. [ONERA / MOR Digital Systems - 36/49]
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SISO/MIMO parametric interpolation problem
Given the data (λi, µk, πj and νl are distinct):

[s1, . . . , sN ] = [λ1, . . . , λn] ∪ [µ1, . . . , µn]
[p1, . . . , pM ] = [π1, . . . , πm] ∪ [ν1, . . . , νm]

Φ =
[

wij Φ12
Φ21 vkl

]
we seek S(p) : (E, A(p), B(p), C(p)), whose transfer function is H(s, p) = C(p)(sE −
A(p))−1B(p) s.t.

H(λi, πj) = wij i = 1 . . . n/j = 1, . . . , n
H(µk, νl) = vT

kl k = 1 . . . m/l = 1, . . . , m

A.C. Ionita and A.C. Antoulas, "Data-Driven Parametrized Model Reduction in the Loewner
Framework", SIAM on Scientific Computing, vol. 36(3), 2014.

T. Vojkovic, D. Quero, C. P-V and P. Vuillemin, "Low-Order Parametric State-Space Modeling of MIMO
Systems in the Loewner Framework", submitted to SIAM.
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[s1, . . . , sN ] = [λ1, . . . , λn] ∪ [µ1, . . . , µn]
[p1, . . . , pN ] = [π1, . . . , πm] ∪ [ν1, . . . , νm]

Φ =
[

wij Φ12
Φ21 vkl

]

[L2]k,l
i,j =

vkl − wij

(µk − λi)(νl − πj)
[Lλi

] = one variable Loewner of ith row of Φ
[Lπj ] = one variable Loewner of jth column of Φ

L̂2c =

[
L2
Lλ

Lπ

]
c = 0

A.C. Ionita and A.C. Antoulas, "Data-Driven Parametrized Model Reduction in the Loewner
Framework", SIAM on Scientific Computing, vol. 36(3), 2014.

T. Vojkovic, D. Quero, C. P-V and P. Vuillemin, "Low-Order Parametric State-Space Modeling of MIMO
Systems in the Loewner Framework", submitted to SIAM.
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Two-variable rational interpolation
For any partitioning with n ≥ n + 1 and m ≥ m + 1, which follows the structure of the
Lagrange basis, the rank of the two variable Loewner matrix satisfies

rank(L2) = nm − (n − n)(m − m).

Then, setting (n, m) = (n + 1, m + 1) leads to a singular L2 with rank equal to
(n + 1)(m + 1) − 1. Then, H(s, p) is recovered by the barycentric form with

αij = cij and βij = cijwij

given by the vector c = [c1,1 . . . c1,m+1| . . . |cn+1,1 . . .n+1,m+1]T computed from the
null space of the Loewner matrix L̂2, i.e.

L̂2c = 0.

H(s, p) =

∑r+1
i=1

∑q+1
j=1

cij wij

(s−λi)(p−πj )∑r+1
i=1

∑q+1
j=1

cij

(s−λi)(p−πj )

C. P-V. [ONERA / MOR Digital Systems - 39/49]
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G(s, p) =
1

s2 + (1 + p2ı)s + (p + ı)
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Rational function satisfies

H(λi, πj) = wij and H(µk, νl) = vkl

Function orders 2 in s and 2 in p.
Realisation order is of order 3.

H(s, p) = (C + C1p + C2p2) . . .
(sE − A − A1p − A2p2)−1B

G(s, p) =
1

s2 + (1 + p2ı)s + (p + ı)
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Rational function satisfies

H(λi, πj) = wij and H(µk, νl) = vkl

Function orders 2 in s and 2 in p.
Realisation order is of order 3.

H(s, p) = (C + C1p + C2p2) . . .
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10-15

10-10
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100

G(s, p) =

[
s2 + p + 1000s4

p2s4

]
2s3 + 3p3 + 0.1s2p − 1
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Rational function satisfies
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Realisation of order 7.
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s2 + p + 1000s4

p2s4

]
2s3 + 3p3 + 0.1s2p − 1

H(s, p) = (C + C1p + C2p2 + C2p3)(sE − A − A1p − A2p2 − A3p3)−1B
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Structures
L-ODE
L-ODE / DAE-1
L-DAE
L-DDE
L-PDE

L-pH
pL-DAE
B-DAE
Q-DAE

Nonlinear ODE S (Langmuir kinetic)

ẋ = −αx + β(x0 − x)u and y = x

B-ODE S

ẋ = −α︸︷︷︸
A

x + x0β︸︷︷︸
B

u −β︸︷︷︸
N

xu and y = 1︸︷︷︸
C

x

Transfer function is a multivariate coupled infinite
cascade of linear systems

H1(s1) = CΦ(s1)B
H2(s1, s2) = CΦ(s2)NΦ(s1)B

H3(s1, s2, s3) = CΦ(s3)NΦ(s2)NΦ(s1)B
...

where Φ(s) = (sE − A)−1 = (s + α)−1

H1(s1) =
βx0

s1 + α
, H2(s1, s2) =

−β2x0

(s2 + α)(s1 + α)
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ẋ = −0.5x + 4.5u − 0.5xu , y = x

G1(s1) =
4.5

s1 + 0.5
G2(s1, s2) =

−2.25
(s2 + 0.5)(s1 + 0.5)

A.C. Antoulas, I.V. Gosea and A.C. Ionita, "Model reduction of bilinear systems in the Loewner
framework", SIAM Journal on Scientific Computing 38 (5), 2016.
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▶ solves the LTI realisation problem
▶ solves data-driven model reduction
▶ solves data-driven model approximation
▶ ... and pH, parametric, bilinear, quadratic...

→ direct impact in engineers life
... still so much to do

▶ Technical references and slides at
https://sites.google.com/site/charlespoussotvassal/

▶ MOR Digital Systems numerical suite
http://mordigitalsystems.fr/
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Loewner landmark

Bridge between realisation, approximation and identification

Charles Poussot-Vassal
January, 2023

"Merge data and physics using
computational sciences and engineering"
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▶ Pollutant modeling and estimation
▶ Region Occitanie & Onera funding
▶ Collaborations with CERFACS, Météo France, and Rice University
▶ Contact: C. Poussot-Vassal & C. Sarrat

Left: r = 30 qROM plume dispersion / Right: relative mismatch wrt. FOM, in %
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