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Part 1 (reminder)

v

Linear dynamical systems

v

Realisation and transfer functions

Part 2 (Loewner)

v

Realisation minimality

v

Data-driven approximation

v

Barycentric form

Part 3 (Loewner extended)

> Linear passive model (& pH)
» Linear parametric model

» Some non-linear models

Forewords
Today’s talk

Karel Léwner (Czech)
1893 - 1968
Ph.D. advisor: G.A. Pick
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s, { Ex(t) = Ax(t)

vvyYyypy

y(t) = Cx()

Realisations

E, A, B,C are (real) matrices

Linear dynamical systems

Realisation and transfer functions

1

+ Bu(t) H(s) = C(sE-A) B
= N(s)/d(s) + P(s)

Transfer functions

> H is a (complex) function

Internal knowledge u — x — y > External knowledge u +— y
Realisations are infinite » Transfer functions are unique
u(t) € R, > u(s) € C"u,

y(t) € R™, y(s) € C™v

x(t) € R™
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Linear dynamical systems

Model, data and structures

Structures

L-ODE Model

L-ODE / DAE-1 (Time-domain) S~u—=x—y

L-DAE (Frequency-domain) H~ru—y

L-DDE =

L-PDE u() Dynamical model H (S) n()
ua() z1() v2()
) : vy ()

ack. V. Berlandis
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Linear dynamical systems

Linear finite dimensional models

Transfer function

Structures
2
H(s) = )
L-ODE / DAE-1 s
L-DAE ODE realisation S
L-DDE & = —x+2u
L-PDE y =

Singularities of matrix pencil (A, E)

AS) =A(-1,1) ={-1}
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Linear dynamical systems

Linear finite dimensional models

Transfer function

Structures
2 25 4 4
L-ODE H(s)= — 0=27F
s+1 s+1
L-DAE ODE realisation St
L-DDE r = —xz42u
L-PDE y = zt+2u

Singularities of matrix pencil (A, E)

A(S1) = A(=1,1) = {-1}

o
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Structures
L-ODE

L-DAE
L-DDE
L-PDE

o

Linear dynamical systems

Linear fin

Transfer function

ite dimensional models

2 2544
H(s) = ——+2=
(s) s+1 s+1
DAE index-1 realisation Sa
1 = —x1+2u
0 —x2 + 2u = x2 — 2u
Yy = x1ta2

Singularities of matrix pencil (A, E)?

wea=a([ ]|
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Structures
L-ODE

L-DAE
L-DDE
L-PDE

o

Linear dynamical systems

Linear finite dimensional models

Transfer function

2 2544
H(s)= —— 19 =
(s) s—l—lJr s+1

DAE index-1 realisation Sz (canonical form)

(=] =)

Index is the k-nilpotent degree of N

> Finite dynamic modes
ni— |
» Infinite dynamic (impulsive) modes
rank(E) —n; =rank(N)=1-1=0
» Non dynamic modes
n—rank(E)=2 1 =1

P-V. [ONERA / MOR Digital Systems - 9/49]



Structures
L-ODE
L-ODE / DAE-1

L-DDE
L-PDE

Linear dynamical systems

Linear finite dimensional models

Transfer function

2 s24+s+2

ds =
s+ 1 ’ s+ 1
DAE index-2 realisation S

H(s) =

T2 = x1

T3 = @2

T2 = —T3F+u=x3—U
= z1+ 22+ 223
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Linear dynamical systems

Linear finite dimensional models

Transfer function

Structures
2
L-ODE H(s) = 2 s 8 +s54+2
L-ODE / DAE-1 s+l s+l
DAE index-2 realisation &
L-DDE io = @
L-PDE T3 = @2
ro = —IT3+U=x3—U
= z1+ w2+ 223

Singularities of matrix pencil (A, E)

A(S) = {-1,00,00}

> Finite dynamic modes nj= |
> Impulsive modes rank(E) —ny1=2 — 1 =1

»> Non dynamic modes n —rank(E)= 3 — 2 = |
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Linear dynamical systems

Linear infinite dimensional models

Transfer function

Structures
L-ODE H(s)= —
s4o e
L-ODE / DAE-1
L-DAE L-DDE realisation S
z = —z(t—p +u
L-PDE y =

Singularities (periodic)

A(S) = {w s.t. s+ cos(ps) + sin(ps) = 0}

p=2

4
3
2
1
o
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Linear dynamical systems

Linear infinite dimensional models

Transfer function (boundary controlled transport)

Structures
L2
L-ODE H(s)= 2 i VE o
L-ODE / DAE-1 5% +mwos +wg Vs
L-DAE
t =0 [s]

L-DDE

25

0 05 1 15 2 25 3
x [m]

o
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Linear dynamical systems

Why all this? What is common?

Structures
L-ODE
L-ODE / DAE-1

L-DAE
L-DDE
L-PDE

C. P-V. [ONERA / MOR Digital Systems - 13/49]



Linear dynamical systems

Why all this? What is common?

Structures

L-ODE Model

L-ODE / DAE-1 (Time-domain) S~u—=x—y

L-DAE (Frequency-domain) H~ru—y

L-DDE =

L-PDE u() Dynamical model H (S) n()
ua() z1() v2()
) : vy ()

ack. V. Berlandis

C. P-V. [ONERA / MOR Digital Systems - 14/49]



Linear dynamical systems

Why all this? What is common?

Structures

L-ODE Model

L-ODE / DAE-1 (Time-domain) S~u—=x—y

L-DAE (Frequency-domain) H~ru—y

L-DDE p>)

L-PDE u() Dynamical model H (S) n()
ua() z1() v2()

u= |: :| x = | #=20) |: :| =y
na () : ()
Data

Time-domain (Time-domain) {ti, G(t:) Y,

(Frequency-domain)  {z;, G(‘%)}i\;l

Data
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Loewner

Loewner (tangential) interpolation

SISO interpolation problem

Given the right and data (\; and ;/; are distinct):

{A]‘,Wj} j:L...,k)
i=1,...,q

we seek S : (E, A, B, C), whose transfer function is H(s) = C(sE — A)" !B s.t.

H(\;) = w; j=1,...,k
H( ) = 1=1,...,q9

% A.J. Mayo and A.C. Antoulas, "A framework for the solution of the generalized realisation problem",

Linear Algebra and its Applications, vol. 425(2-3), 2007.

V. Gosea, C. P-V. and A.C. Antoulas, "Data-driven modeling and control of large-scale dynamical
systems in the Loewner framework", Handbook in Numerical Analysis, vol. 23, January 2022.
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Loewner

Loewner (tangential) interpolation

MIMO tangential interpolation problem

Given the right and data (\; and ;/; are distinct):

{Nj,rj,wit j=1,...,k
t=1,...,q

we seek S : (E, A, B, C), whose transfer function is H(s) = C(sE — A)" !B s.t.

H\j)r; = w; j=1,...,k
H() = i=1,...,q

% A.J. Mayo and A.C. Antoulas, "A framework for the solution of the generalized realisation problem",
Linear Algebra and its Applications, vol. 425(2-3), 2007.

V. Gosea, C. P-V. and A.C. Antoulas, "Data-driven modeling and control of large-scale dynamical
systems in the Loewner framework", Handbook in Numerical Analysis, vol. 23, January 2022.
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Loewner

Loewner (tangential) interpolation

The right data can be expressed as:

A = diag [A1,..., ;] € CEXE
R = ry ro ... rk] € Cnuxk
W = w1 Wo ... wk] € Cny Xk

and the left data can be expressed as:

M = diag [p1,..., 1] € CI¥4
L= ho o 1] ecmuxa
v = |vi vy ... vq] € Cnuxd

C. P-V. [ONERA / MOR Digital Systems - 17/49]



Loewner

Loewner (tangential) interpolation

The right data can be expressed as:

A = diag [A1,..., ;] € CEXE
R = ry ro ... rk} € Cnuxk
W = w1 Wo ... wk] € Cny Xk

and the left data can be expressed as:

M = diag [p1,..., 1] € CI¥4
L= ho o 1] ecmuxa
vT = Vi Vg ... vq] € Cnuxd

The Loewner matrix in this case is

VTTI,I;TW1 vfrkflfwk
H1—A1 T H1— Ak
L= : - : € Ccaxk
vgrl—lzwl erk—lzwk
Hg—A1 U Hq—Ak

With this notation L satisfy the Sylvester equation : MIL — LA = VR — LW.

C. P-V. [ONERA / MOR Digital Systems - 17/49]



Loewner

Loewner pencil

The Loewner matrix is:

v{rlflfwl vfrkflfwk
H1—A1 n1—Ag
L= : - : c Caxk
T T T T
vori—lgwy Vo re—lgwy
Hg—A1 Mg —Ak

ML —-LA =VR - LW

The shifted Loewner matrix is:

,ulv{rl—l{wl/\l ulv{rk—lfwk)\k
H1—A1 H1— Ak
M= . . : € Caxk
,uqvgquflgﬂwl)\l ,uqvgﬂrkflgﬂwkkk
Bg—A1 bq—=Ak

MM - MA = MVR — LWA

C. P-V. [ONERA / MOR Digital Systems - 18/49]



Loewner

Loewner pencil

If data are sampled from G(s) = C(sE — A)~1B, let us define :

O(mE—A)!
Oy = : . Re=[(ME—=A)"1Bri,...,(\E — A)~!Bry,]
17 C(ugE — A)~1

of size ¢ X n and n X k respectively, be the generalised tangential observability and
controllability matrices. Then,

C. P-V. [ONERA / MOR Digital Systems - 19/49]



Loewner

Loewner pencil

If data are sampled from G(s) = C(sE — A)~1B, let us define :

O(mE—A)!
Oy = : . Re=[(ME—=A)"1Bri,...,(\E — A)~!Bry,]
17 C(ugE — A)~1

of size ¢ X n and n X k respectively, be the generalised tangential observability and
controllability matrices. Then,

T 1T
vir; =1 w;

pi — Aj
—17C(u; E — A)~rE(ME — A)~!Br;
7[0'/]114‘[7?%]/

Ll =

e}

P-V. [ONERA / MOR Digital Systems - 19/49]



Loewner

Loewner pencil

If data are sampled from G(s) = C(sE — A)~1B, let us define :

O(mE—A)”
Oy = : . Re=[(ME—=A)"1Bri,...,(\E — A)~!Bry,]
17 C(ugE — A)~1

of size ¢ X n and n X k respectively, be the generalised tangential observability and
controllability matrices. Then,

vy -—lT
L]y = —
:uz_>\

= —ITC(;LJE A)"1E(ME — A)~1Br;
= (OLERA,

; Ty, —1Tw.: s
M), = w
1TC(HJE A)TLA(\E — A)~1Br;
= R)(// “w/}v

C. P-V. [ONERA / MOR Digital Systems - 19/49]



Loewner

Loewner realisation

Assume that & = ¢, and let, be a regular pencil. Then
E=-1L, A=-M, , B=V, C=W,

is a descriptor realisation of minimal interpolant of the data, i.e. , the rational function
H(s) = W(IM — s) =1V interpolates the data.

C. P-V. [ONERA / MOR Digital Systems - 20/49]



Loewner

Loewner realisation

Assume that & = ¢, and let, be a regular pencil. Then
E=-1L, A=-M, , B=V, C=W,

is a descriptor realisation of minimal interpolant of the data, i.e. , the rational function
H(s) = W(IM — sL)~1V interpolates the data.

Suppose that we have more data than necessary. The problem has a solution if

rank[(L — M] = rank[L, M] = rank |:]]1]\7[:| =r, £e{N}U{y;}

I AN B N S i

A realisation (E, A, B, C) of an (approximate) interpolant is given by:

E=-—vILX, A=—v'MX,B=—V"V,C=W

C. P-V. [ONERA / MOR Digital Systems - 20/49]



Loewner

Loewner realisation (an other alternate realisation)

Assume that & = ¢, and let, be a regular pencil. Then
E=-1L, A=-M, , B=V, C=W,

is a descriptor realisation of minimal interpolant of the data, i.e. , the rational function
H(s) = W(IM — s) =1V interpolates the data.
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Loewner

Loewner realisation (an other alternate realisation)

Assume that & = ¢, and let, be a regular pencil. Then
E=-1L, A=-M, , B=V, C=W,
is a descriptor realisation of minimal interpolant of the data, i.e. , the rational function

H(s) = W(IM — sL)~1V interpolates the data.

If the solution is not unique, all solutions of the same McMillan degree are
parametrized as

A realisation (E, A, B, C, D) of an interpolant is given by ( ):

E=-L, A=-(M-LKR),B=V-LK,C=W-KR D=

C. P-V. [ONERA / MOR Digital Systems - 21/49]



Loewner

Loewner main properties

Given {Xj,rj,w;} and [/ 1, v},
seek H s.t.

H()‘j)rj =Wwj and IIH(llz’) = v;

Rational interpolation

H(s) = W(—sL + M)~V

% A.J. Mayo and A.C. Antoulas, "A framework for the solution of the generalized realisation problem",
Linear Algebra and its Applications, vol. 425(2-3), 2007.

C. P-V. [ONERA / MOR Digital Systems - 22/49]



Loewner

Loewner main properties

Facts
Given {Xj,rj,w;} and [/ 1, v}, » underlying rational () order
seek H s.t.
r rank(¢§L — M)
H(Aj)rj =w; and LH(j,) = v, = rank([L, M])

rank([L7, MHA]H)

» and McMillan (v) order

v = rank(L)
Rational interpolation
H(s) = W(—sL+ M)~V »> Both L and M are input-output
independents.

» Both IL and IM are projections of
E and A onto the generalized
observability and controllability
spaces.

% A.J. Mayo and A.C. Antoulas, "A framework for the solution of the generalized realisation problem",
Linear Algebra and its Applications, vol. 425(2-3), 2007.

C. P-V. [ONERA / MOR Digital Systems - 22/49]



Loewner

Loewner examples (simple case)

1
G(s) =
(s) o
Sampled with
A =1L =2
1 —1, p2 —2
Leads to
1 1
Wl = -, W3 = —
P
Vi = —,Va = —.
1= 5 v2 =z

C. P-V. [ONERA / MOR Digital Systems - 23/49]



Loewner

Loewner examples (simple case)

1
G =
Rational function satisfies (®) s24+1
H(\;) =w; and H(;1;) = v,
) ! L Sampled with
Realisation n = 2 At =1,A2=2 ’
251 —1, p2 —2
_ _ -1
H(s) = W(=sL+ M)=V Leads to
1 1
W] = —,Wg = —
1 ? 2=
1
V] = —,V2 = —
2 5

C. P-V. [ONERA / MOR Digital Systems - 23/49]
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1
G =
Rational function satisfies (s) s2+1
H(\;,) =w; and H(;,) = v,
A7) ’ (ps) Sampled with
A =10 =2
Rank reveals the underlying rational (1) p=—lpe
and McMillan (v) orders Leads to
rank(§L — M) = r 1
rank(L) = v Vi= o=
r=2and v =2, (M,L) pencil regular R
w=[3 3.V
H(s) = W(—sL+M)"'V = G(s)
o —-L
B |:1 010:| v M
10

C. P-V. [ONERA / MOR Digital Systems - 23/49]
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Loewner

Loewner examples (rectangular case)

1
s24+1

G(s) =

Sampled with

AM=1LX=2)X=3
1 —1, p2 —2

C. P-V. [ONERA / MOR Digital Systems - 24/49]



Rational function satisfies

H()\;) =w; and H(;1,) = v,

Realisation rectangular "n = 2 x 3"

H(s) = W(—sL+DM)fv

Loewner

Loewner examples (rectangular case)

1
s24+1

G(s) =

Sampled with

AM=1LX=2)X=3
1 —1, p2 —2

Leads to

1 1 1 1
w=[; ¢ & v=|?
5

o -—-L _L1

10 50

103 1

M=13 Y 2

10 5 5

C. P-V. [ONERA / MOR Digital Systems - 24/49]



Loewner

Loewner examples (rectangular case)

1
s2+1

G(s) =

Rational function satisfies
H(\;,) =w; and H(;,) = v,
A7) / () Sampled with
AM=1LX=2)X=3

1y = —2
Rank reveals the underlying rational (1) m L p2 -

and McMillan (v) orders Leads to

rank(§L — M) = r L1 1
w=[l 1 1] v=|3
rank(L) = v [2 > 10] |:5
0o -i X
r=2and v =2 L= |:110 10 ;1g:|
H(s) = W(—sL+M)fV 103 1
- i n-[i B
10 5 5

T $2-4.650e — 16s + 1

C. P-V. [ONERA / MOR Digital Systems - 24/49]



Loewner

Loewner examples (lot of data)

s2+s+2

G(s) = ST 1

Sampled with

Input 1

[—Originall
18
16
14
=) 12
—10
Zs
g
Ce
4
2
o
107? 10* 10° 10!
Pulsation [rad/s|

C. P-V. [ONERA / MOR Digital Systems - 25/49]



Rational function satisfies

H()\;) =w; and H(;1,) = v,

Realisation n = 20

H(s) = W(—sL + M)~V

Loewner

Loewner examples (lot of data)

s2+s+2
G ==

Sampled with

Input 1

Pulsation [rad/s|

C. P-V. [ONERA / MOR Digital Systems - 25/49]



Loewner

Loewner examples (lot of data)

s2+s+2
. . o G(s) = ———
Rational function satisfies s+1

H()\;) =w; and H(;1,) = v,
Sampled with
Rank reveals the underlying rational (1) fi..20 = [L

and McMillan (v) orders

rank((L — M) =r

10° \
‘

‘
rank(L) = v R
st |

E |

= \

El |

X |

#1000 \

g \

E \

g |

2 10 %&Hx?
JOVZDO 5 10 15 20

index.

C. P-V. [ONERA / MOR Digital Systems - 25/49]



Rational function satisfies

H()\;) =w; and H(;1,) = v,

Rank reveals the underlying rational (1)
and McMillan (v) orders

rank(§L — M) = r

rank(L) = v
r=3and v =2
H(s) = WX (=sYV/LX 4 Y7 M)~
yiv
s2+s+2
s+ 1

Loewner

Loewner examples (lot of data)

Sampled with

Output 1 [dB;

2
2
G(s)= S5t
s+1
A.20 = [1,2,...,20]
20 = [1.5,2.5,...,20.5]

Input 1

o o 5 B

o N &

—Original
- ~Loewner full
Loewner projected|

Pulsation [rad/s]

C. P-V. [ONERA / MOR Digital Systems - 25/49]



Loewner

Loewner examples (complex dynamical tippe top case)

1
G(s) =
(®) 2+ (14+)s+ (1+1)
Sampled with
Al =12, 2 =21, A3 = —2+1
p1 = —1, 2 =2,u3 =0.5—1
Leads to

Wi, Wa, w3 and v, vo, vy

C. P-V. [ONERA / MOR Digital Systems - 26/49]



Loewner

Loewner examples (complex dynamical tippe top case)

1
Gls) = 24+ (14+1)s+ (1+2)

Rational function satisfies

H()\;) =w; and H(;1,) = v,
Sampled with
Rank reveals the underlying rational (1) A1 =122 =21, 3 = -2+
and McMillan (v) orders w1 = —1,p2 =2, u3 =0.5—1
rank(§L — M) = r Leads to
Wi, Wa, w3 and v, vo, vy

rank(L) = v
—0.1276 — 0,02941}

—0.207 + 0.9568:
—0.0438 — 0.08182 0.039 — 0.10892
0.0089 — 0.33922

(1 + 2.22¢ — 162)
= 0.4738 — 0.05602
~ 10.2253 — 0.16072  —0.0342 + 0.13082

H(s) = s24+ (1+121)s+ (1+1)

L=

)

C. P-V. [ONERA / MOR Digital Systems - 26/49]



Loewner

Loewner examples (complex dynamical tippe top case)

Rational function satisfies G(s) = L
2+ (14+)s+ (1+1)
H()\J) = W; and H(Mz) =V;

Sampled with

Mismatch error log |G — H|

Al =12, 2 =21, A3 = —2+1

135 pn1 = —1, 2 =2,u3 = 0.5 —1
s Leads to

Wi, Wa, w3 and v, vo, vy

B B R — i _ [ —0.207+0.9568:  —0.1276 — 0.0294
Real = |-0.0438 — 0.0818:  0.039 — 0.1089:

i = 0.4738 — 0.05602 0.0089 — 0.33922
~ 10.2253 — 0.1607:  —0.0342 + 0.1308:

C. P-V. [ONERA / MOR Digital Systems - 26/49]



Loewner

Loewner barycentric

MIMO interpolation problem

Given the right the data (\; and /1, are distinct):

{)\i,Wi} i=1,...,k
jzlv"'vq

we seek S : (E, A, B, C), whose transfer function is H(s) = C(sE — A)" !B s.t.

H(/\,) = W; ’I:=1,...,k
H(:) = J=1c000
H1=A1 7T p1i—Ag
L= € Cwa*muk and let Le = 0
kg=A1 T pg—Ak

C. P-V. [ONERA / MOR Digital Systems - 27/49]



Loewner

Loewner barycentric

Consider system G in barycentric form

> 7 Biai(s) n
G(s) = =—=-——— , where q;(s) = = Ay
)= S e ) ,,7111,,#(8 :

Constructing the Loewner matrix with {\1,..., Az}, {w1,..., w;} and solving

Lec=0

C. P-V. [ONERA / MOR Digital Systems - 28/49]



Loewner

Loewner barycentric

Consider system G in barycentric form

ST Biaa(s) -

G(s _‘ﬂi,where i(s) = H s — \jyr
@=L vhere ail) (5= 2)
g i'=1,i'#i
Constructing the Loewner matrix with {\1,..., Az}, {w1,..., w;} and solving

Lec=0

leads to H in Lagrangian basis

o L\ ok ‘To
e e 2]
—_————— ——

P(s)—1 B

t—x1 x9—1t

Lign=| ' 7% T3 =t | ¢ grx(nt1)
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Loewner

Loewner barycentric examples (simple case)

Sampled with

AM =1 =3and = 2,10 =4

Leads to
1 2 2
wi=1,wo=—and v, = — vy = —
2 3 5

C. P-V. [ONERA / MOR Digital Systems - 29/49]



Loewner

Loewner barycentric examples (simple case)

Rational function satisfies

H(\;) =w,; and H(;1,) = v,
A7) ’ (ps) Sampled with
Realisation n = 2 Av=LAz=3and 1 =2 pp =4

H(s) = C®(s) 1B = G(s) Leads to

o= 2[5

C. P-V. [ONERA / MOR Digital Systems - 29/49]
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Content

Loewner extensions
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Loewner extensions

More structures and properties

Structures
L-ODE
L-ODE / DAE-1
[YN=
L-DDE

L-PDE
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Loewner extensions

More structures and properties

Structures
L-ODE
L-ODE / DAE-1
[YN=
L-DDE
L-PDE

L-pH
pL-DAE
B-DAE
Q-DAE
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Structures
L-ODE
L-ODE / DAE-1
L-DAE
L-DDE

L-PDE

Loewner extensions
Passive & pH

Passivity
%X = Ax+ Bu
y = Cx+Du

®(s) = HT (—s) + H(s)

Passive = ®(ww) > 0 & stable & D > 0
pH

(J — R)Qx + (G — P)u
(G+ P)TQx + (N + S)u

o[t ] mw=8 ]

<K
([l

N P g
satisfy V=—VT, W=WT = 0and Q =QT >0

C. P-V. [ONERA / MOR Digital Systems - 32/49]



Structures
L-ODE
L-ODE / DAE-1
L-DAE
L-DDE

L-PDE

o

Loewner extensions
Passive & pH

Transfer function

2 4
H(s) = ="
s+1
ODE realisation S1
r = —x42u
y = z+2u

P-V. [ONERA / MOR Digital Systems - 33/49]



Loewner extensions
Passive & pH

Transfer function

Structures
L-ODE H(s) = 23j14
L-ODE / DAE-1 s
L-DAE ODE realisation S1
L-DDE r = —xz42u
L-PDE y = z+2u

L-pH realisation Ss

(0— 1)1z + (=2 — 1.4142)u
(=2 + 1.4142)z + (0 + 2)u

T
Y

where V= - VT W=WT =0and Q =QT =0

1 1.4142

0 2
V= [ } and W = [1.4142 2

-2 0

C. P-V. [ONERA / MOR Digital Systems - 33/49]



Loewner extensions
Passive & pH

The right data can be expressed as:

A = diag [A1,...,\s] € CkXFE,
R = ry ro ... rk} e cmxk
W = W1 W2 o ... Wk] € Cmxk
and the left data can be expressed as:
M = —AT = diag [u1,...,pe] € CIX9
L = RY = b L ... 1] ecmxa
VI = -WH = Vi V2 Vq] € Cmxa

Spectral zeros are (), r;) from standard Loewner ( n zeros in the open right half-plane)

0o A B D; 0 E 0] [p;
AT 0 cT | =X |ET 0 0| |q
BT ¢ D+DT| |r, 0 0 O0f|r

%’ P. Benner, P. Goyal and P. Van-Dooren, "Identification of Port-Hamiltonian Systems from Frequency
Response Data", Systems & Control Letters, vol. 143, 2020.
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Loewner extensions

Passive & pH

The right data can be expressed as:

A = diag [Al,...,)\k]ECka,
R = ry ro ... I‘k} e cmxk
W = W1 W2 ... Wk] e cmxk
and the left data can be expressed as:
M = AT = diag [m,...,pe € CT¥Y
LT RH Lo lp ... 1] ecmxa
V= WH = [ ove .. vg cCmxa

Construct H(s) of McMillan degree n as follows:

H(oo) = D, H()\j)r; = w; and er(—E) = —wf

where D + DT = 0 and LL = 0, then S of H(s) is a normalised pH form.

%’ P. Benner, P. Goyal and P. Van-Dooren, "Identification of Port-Hamiltonian Systems from Frequency
Response Data", Systems & Control Letters, vol. 143, 2020.

C. P-V. [ONERA / MOR Digital Systems - 34/49]



Imag

Loewner extensions
Passive & pH example (RLC circuit)

Tnput 1
-
. G(s) = RLC circuit (n = 200)
.
15|
.
=)
210 .
..
B .
8 .
.
.
0
.
.
10° 10" 10°
Pulsation [rad/s]
Spectral zeros
w0
s
olommmee § cosmm ammes § oommme
s
-10
-15
2
-10 5 10

0
Real

C. P-V. [ONERA / MOR Digital Systems - 35/49]



Input 1

Output 1 [dB]

10" 10°
Pulsation [rad/s]
Spectral zeros
20
15 4 Loewner, n = | +
w0
s
o e § o anime § comme
s
-10
S +
2
-15 -10 5 o 5 10 15
Real

Loewner extensions

Passive & pH example (RLC circuit)

G(s) = RLC circuit (n = 200)

Rational function satisfies

H()\;) =w; and H(;1,) = v;
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Loewner extensions

Passive & pH example (RLC circuit)

Input 1 »
P s . .
/ G(s) = RLC circuit (n = 200)
15 /
;{
/
4
R / Rational function satisfies
/
N |
\ T H
f N — we . -
, N / H()\;) =wj; and H(— ) = W
o«
S eern=a |\
_s|l=_pH-Loewner, n = %/
10" 10° 10" 107 10°
Pulsation [rad/s] Input 1
Spectral zeros
° ® Data 10
[
I i B ff 15
0
10
s
o
5 - \\ ~
10 =717
15 g B
0 50 50 100 10 2 10°
Pulsation [rad/s]

P-V. [ONERA / MOR Digital Systems - 35/49]
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Loewner extensions

Parametric models

Structures Transfer function (degree r =2 in s and ¢ =1 in p)
1
L-ODE Gy —
s2+ps+1
L-ODE / DAE-1
L-DAE Sampled as
o [51,..-,8100] = <2[1071,...,10]
L-PDE p1,...,p6] = [0.1,...,1]

L-pH

B-DAE
Q-DAE

Gain [dB]

Frequency [rad/s]

o
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Loewner extensions

Parametric models

Structures Transfer function (degree r =2 in s and ¢ =1 in p)
1
L-ODE Gy —
s2+ps+1
L-ODE / DAE-1
L-DAE Sampled as
o [51,..-,8100] = <2[1071,...,10]
L-PDE p1,...,p6] = [0.1,...,1]

L-pH

B-DAE
Q-DAE

3

Gain [dB]
8 2 o

o
3

H

0.8
06
04

3

10°

Frequency [rad/s]

Parameter

o
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Loewner extensions

Parametric Loewner barycentric

SISO/MIMO parametric interpolation problem

Given the data (\;, k. and 1, are distinct):

[s1,...,sn] = [M1,.., 251U p1, ..., pal
[p1,...,pm] =
.y @12:|
® = i
[‘1>21

we seek S(p) : (E, A(p), B(p),C(p)), whose transfer function is H(s, p) = C(p)(sE —
A(p)~'B(p) st.

H(Ai,ﬂ'j) = Wij Zzlﬁ/]zl,,
H( ) = =1..m/l=1,...,

I3

|
>
i

I3

% A.C. lonita and A.C. Antoulas, "Data-Driven Parametrized Model Reduction in the Loewner
Framework", SIAM on Scientific Computing, vol. 36(3), 2014.

'% T. Vojkovic, D. Quero, C. P-V and P. Vuillemin, "Low-Order Parametric State-Space Modeling of MIMO
Systems in the Loewner Framework", submitted to SIAM.

C. P-V. [ONERA / MOR Digital Systems - 37/49]



Loewner extensions

Rational parametric functions and barycentric form

[517"'751\]} = [Alw-'a)\ﬁ]U[Hl?"wu/ﬂ]r
p1,.--,pN] = |7, T U v, . V]
wi; | P12
3 - ij }
[ P21 | Vi
Vil = Wij
Lol = -

(b — Ao) (v — m5)

[L,] = one variable Loewner of ith row of &
[Lr;] = one variable Loewner of jth column of &
~ ]L2
ILoc= [Lyx|c=0
L

% A.C. lonita and A.C. Antoulas, "Data-Driven Parametrized Model Reduction in the Loewner
Framework", SIAM on Scientific Computing, vol. 36(3), 2014.

% T. Vojkovic, D. Quero, C. P-V and P. Vuillemin, "Low-Order Parametric State-Space Modeling of MIMO
Systems in the Loewner Framework", submitted to SIAM.
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Loewner extensions

Rational parametric functions and barycentric form

Two-variable rational interpolation

For any partitioning with @ > n+ 1 and 2 > m + 1, which follows the structure of the
Lagrange basis, the rank of the two variable Loewner matrix satisfies

rank(Ly) = nm — (7 — n)(m — m).

Then, setting (m,m) = (n + 1,m + 1) leads to a singular Ly with rank equal to
(n+1)(m + 1) — 1. Then, H(s, p) is recovered by the barycentric form with

;5 = cij and B = ¢;j Wy

given by the vector ¢ = [c1,1...¢c1,m+1]---|cnt1,1-- .n+1,m+1]T computed from the

null space of the Loewner matrix Lo, i.e.

]/L\QC =0.

ET+1 q+1 CijWij
_ i=1 j=1 (S—)\,L')(p—ﬂ'j)
H(s,p) = ZT+1 q+1 Cij

i=1 j=1 (sf)\,;)(pf‘rrj)

C. P-V. [ONERA / MOR Digital Systems - 39/49]



Loewner extensions

Examples (complex parametric dynamical tippe top case)

1
2+ (14 p)s+ (p+1)

G(s,p) =

Eigenvalues
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Loewner extensions

Examples (complex parametric dynamical tippe top case)

Rational function satisfies

H()‘iv ﬂ'j) = W;j and H(Nk'«, u,) e

Function orders 2 in s and 2 in p.
Realisation order is of order 3.

H(s,p) = (C+Cip+Cap?)...

(sE—A—Ayp— Ap”)™1B

1
G(s,p) = -

(s:7) 2+ (14 p)s+ (p+1)
X Eigenvalues
05
o

l:’5-05
1
15
2 15 1 05 [ 05 1

Real
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Loewner extensions

Examples (complex parametric dynamical tippe top case)

Rational function satisfies G(s,p) = !

s+ (L+p7)s+ (p+2)
H(Xi, ;) = wiz and H(pp, 1) = vy

Input 1

Function orders 2 in s and 2 in p.
Realisation order is of order 3.
H(s,p) = (CHCip+Cop?)...
(sE—A—Ayp— Ap”)™1B

£
£
O,

04 03 02 01 0 01 02 03 04

C. P-V. [ONERA / MOR Digital Systems - 40/49]



Normalised Loewner singular value

Loewner extensions
Examples (pL-DAE)

s2 + p + 1000s*
p284

G(s,p) =

253 4+ 3p3 +0.1s2p — 1

30

40 50 60
Orders is s and p

70

10 2
Frequency [rad/s]

Parameter
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Loewner extensions
Examples (pL-DAE)

Input 1
w0 s2 + p + 1000s* ]
= 2.4
~60 (L p=s
540 il“l’ G(S,])) = 3 3 2
520i 253 4+ 3p3 +0.1s2p — 1

10° 10 10?

&0 [es-variable
o
; 20 3
£ [

S o gt
L
10° 10?

10
Pulsation [rad/s]

Rational function satisfies

Normalised Loewner singular value

H()\i,ﬂ]‘) = Wij and H(,u,k, I/l) = Vi

40 50 60 70 80 90 100
Orders is s and p

Ranks drop at 5 and 3.
Realisation of order 7.
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Loewner extensions
Examples (pL-DAE)

Input 1

s2 + p + 1000s* ]
Il 2.4
o ili"ﬂ, G(s,p) = re

253 4+ 3p3 +0.1s2p — 1

Output 1 [dB]

Output 2 [dB]
8 3
3

’

0 '|'

20

10° 10" 10? .

Pulsation [rad/s] E)
Rational function satisfies 5
20 T

H(X\i, ;) = wij and H(p, 00) = v o o ’

1 T2 Parameter
Frequency [rad/s]

Ranks drop at 5 and 3.
Realisation of order 7.

H(s,p) = (C + C1p + Cop® + Cop3)(sE — A — A1p — Asp® — A3p®)~'B

C. P-V. [ONERA / MOR Digital Systems - 41/49]



Loewner extensions

Nonlinear model

Nonlinear ODE S (Langmuir kinetic)

Structures
L-ODE t=—-ar+B(xo—z)uandy ==
L-ODE / DAE-1 B-ODE S
L-DAE
= —ax+ xzofu - ruandy=_1 =z
L-DDE N — N
L-PDE A B N c

L-pH
pL-DAE

Q-DAE

o
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Loewner extensions

Nonlinear model

Nonlinear ODE S (Langmuir kinetic)

Structures
L-ODE t=—-ar+B(xo—z)uandy ==
L-ODE / DAE-1 B-ODE S
L-DAE
= —ax+ xzofu - ruandy=_1 =z

L-DDE NI . S ~—
L-PDE A B N ¢

Transfer function is a multivariate coupled infinite
L-pH cascade of linear systems
pL-DAE Hi(s1) = C®(s1)B

Ha(s1,s2) = C®(s2)N®(s1)B

Q-DAE H3(s1,52,83) = C®(s3)NP(s2)NP®(s1)B

where ®(s) = (sE — A)"! = (s+a)!

52
Bo , Ha(s1,80) = _ P
s1+ (s2 +a)(s1 + )

P-V. [ONERA / MOR Digital Systems - 42/49]

Hi(s1) =

o



Loewner extensions

Examples (Bilinear Langmuir kinetic)

¢ =—0.5z+4.5u—0.bau , y =2

4.5

s1 + 0.5
—2.25

Ga(s1,82) = (s2 + 0.5)(s1 + 0.5)

Gi(s1) =

% A.C. Antoulas, I.V. Gosea and A.C. lonita, "Model reduction of bilinear systems in the Loewner

framework", SIAM Journal on Scientific Computing 38 (5), 2016.
C. P-V. [ONERA / MOR Digital Systems - 43/49]



Loewner extensions

Examples (Bilinear Langmuir kinetic)

. \\ i =—-0.5x+4.5u—0.5zu ,y==x

0 4.5
j \\ Gi(s1) = @)
- Ga(s1,82) = 55 6y 1 05)
ey ‘°’ *
Rational function satisfies ,5: k‘
H(\j) = G1(\;) and H(,) = G1 (1)) I
&= —0.5z 4+ 2.121u and y = 2.121x 0 T e

Time [s]

% A.C. Antoulas, I.V. Gosea and A.C. lonita, "Model reduction of bilinear systems in the Loewner
framework", SIAM Journal on Scientific Computing 38 (5), 2016.
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Loewner extensions

Examples (Bilinear Langmuir kinetic)

¢ =—0.5z+4.5u—0.bau , y =2

© 4.5
g Gi(s1)= ——
£ e 51 +20'255
i Ga(s1,52) = -

(52 + 0.5)(s1 + 0.5)

Right/left multi-tuples A and p

A = {ah {2, )
o= {pa}, {p1,p2}.
Hi(\1) =Gi1(\1), Hi(p) = Ga1(i01)
Hy(.) = G2(.) and Ha(.) = Ga(.) T gy

¢ = —0.52+2.121u—0.5zu , y = 2.121x

C. P-V. [ONERA / MOR Digital Systems - 43/49]



Loewner extensions

Examples (Bilinear Langmuir kinetic)

Linear

Output

Frequency [rad/s]
Bilinear

T W @
Frequency [rad/s]
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Conclusions
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Conclusions

Loewner... a versatile tool

solves the LTI realisation problem
solves data-driven model reduction
solves data-driven model approximation

. and pH, parametric, bilinear, quadratic...

— direct impact in engineers life
. still so much to do

Technical references and slides at
https://sites.google.com/site/charlespoussotvassal/ [)isait<)l
MOR Digital Systems numerical suite . r Systems

http://mordigitalsystems.fr/

C. P-V. [ONERA / MOR Digital Systems - 46/49]



Loewner landmark

Bridge between realisation, approximation and identification

Charles Poussot-Vassal
January, 2023

MOl aEer RN

THE FRENCH AEROSPACE LAB

"Merge data and physics using
computational sciences and engineering"
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Conclusions
PhD offer

» Pollutant modeling and estimation

> Region Occitanie & Onera funding

> Collaborations with CERFACS, Météo France, and Rice University
> Contact: C. Poussot-Vassal & C. Sarrat

Left: 7 = 30 qROM plume dispersion / Right: relative mismatch wrt. FOM, in %

t=5min =5 min
900 -6 900 5
800 800 45
7
700 700 N
35
600 . 8 600 .
3
4 500 2 500
F . 9 g . 25
£ 400 . . =400 . °
2
300 -10 300
15
200 200 4
11
100 100 05
0 12 0 0
0 100 200 300 400 500 600 700 800 900 0 100 200 300 400 500 600 700 800 900
z-axis z-axis
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Conclusions

The map of mathematics (by Dominic Walliman)

THE MAP OF M

DINAL NUMBERS  OCTONION  GUATERMION

CART
o Cratsa Kabaniie
¥
[iN)
T . PRIAE homs!

MATHEMATICS

ro B

X

{ TRIGONOME TRY |
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