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Problem formulation

Ll Consider a MISO fractional system
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Problem formulation

L The MISO fractional system is represented by:

I Number oflnputs

Differentiation orders

The fractional transfer function

|
3,0 (1) : b, g
! J.k T
(t) % (t) An additive white ( p) — Bk ( p’ gk ) — 1=0
3 y yk noise I~k N’ N
: A( ( p k) 1 4 Z ai’k
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Problem formulation

Ak(pe) 1+Za_kpai,k

The fractional global S-commensurate order

Z:bjklﬁDL

Gk(p): = "V€D+

1+ik1:ai,k@

The fractional local S-commensurate order
Mk /// ,I,,'I
z bJ 1k II ,’/
G (p)=—2 v oel”
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Problem formulation

- the n,._ the p
L The parameter vector B is defined as : M/so al'a/net
0 T "700’9 /s €’ Yo cto
- [,0 ,u] . ySte/n r 0 of
e p gathers all the MISO transfer function coefficients : 0 = [,01,---, Pk ]
with ,Ok :|:b0,k’bl,k""’ka,k’ai,k""’aNk,k:|’ k:]-’;K
* u gathers all the MISO transfer function differentiation orders :
o Casel: if a global S-commensurate order is sought :
U=V
o Case2: if local S-commensurate order is sought :
T
=i v |
o Case3: if the MISO model is non commensurate, u gathers all the differentiation orders :
T
=L i

with luk:[ﬂo,k’ﬂl,k""’ﬂMk,k’al,k""’aNk,k:l’ k=1.,K



Problem formulation

= Huge number of parameters !
(twice more then an integer system)
Model's orders varies in wide range !

How to limite the nomber of
parameters ?

Initializiation of differentiation

orders _'@'_
#, b

Local S-commensurate

order

I differentiation
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Two-stage algorithm

Two-stage algorithm

Optimal instrumental variable

method J
aussNewton alg
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Optimal instrumental variable method for coefficient estimations

SISO model
7%
e o
Equation error : %’e ‘l’e(t)
’ T

(=Y O-¢' O p %, %, u® f Bep) PO N

where e, Vs A(P) y'()= y(®) +e(t)
Wy ~9re
e [pPu) P
@ (1) = . - _ o o
' Py (t) ... pMy (t) Filtered derivatives (ex: Poisson’s filter)

with . o7

p =[b, b ..by & ..a,]
Approximation Least Squares estimates

pis =(¢7¢7) #TY
¢ =9 (t). @ ()]

1+( pj
a)C

)=y —o;p
A * =\ 1 = *
,0:( fT¢f) A

Limitation :
1. biased estimation in presence of output noise

with

Limitation :
1. Computation of time domain derivatives of inputs/output signal
2. Amplification of noise in high frequencies
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Optimal instrumental variable method for coefficient estimations

SISO model
u(t) B(p) y(t) e(t)
» Instrumental variable estimator —| A(DP) ( )y*(t) > y(t) +e(t)
A VT * N\ vy iv
Psrivef :( fT¢f) ¢ Y 5| B(o. P) yé)
A(o, P)

» with the constraints (Ljung, 1999) : 5 Y,
* T * T p Ouf(t) "'p Nuf(t)
p: (1) =F(P)p (1) = . S
Py (1) o -p™ Yy (1)

_l:pﬁouf(t) ---pﬁNuf(t) }
| pEYE () .. -p Y (1)

where the instrumental matrix is :

% () =[ @ (1) e} (6)" |

#" ¢. : non-singular
#"Y. :uncorrelated | |
Py ()" =F(p)p" )
» Young showed that the optimal IV estimator is :

1 { unbaised estimation

F* (p) ZW

minimum variance

and the regression matrix is :

(1) =[] (1) v )" |

However A(p) is usually unknown
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Optimal instrumental variable method for coefficient estimation

[ Young (1970), for DT system (SISO) ]

[ Garnier et al. (2007), for CT system (SISO) ]

srivcf (SISO)

[ Victor et al. (2013) for fractional system ]

[ Garnier et al. (2007), for CT system (MISO) ]

Extension to
srivcf_MISO fractional MISO

system

srivc_MISO
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Optimal instrumental variable method for coefficient estimations

MISO model

In this case, the error function takes the following form:

g () =x () =y, (), k=1..,K u® | Bi(P)
© AP
where Y, is the output of the k-th-subsystem: ,
and ISo /atn’@ Majp, . ,
. Cthe ey, u ® By ()
. thes,, Cutp,,. Sto >
Xk (t) = y (t) - Z ym (t)’ k = 1 """ K a Ubsysz. Ut Oft AK ( p)
~ ,0,()//'(:\a em he k
mk le the INg

The error function can also be written as:

&M =x0)-oOp, k=1..,K

pu, (1) ... p™M U, (t)

with ¢, (t) = . )
P o Xk (t) P et Xk (t)
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Optimal instrumental variable method for coefficient estimations

MISO model

e ! Mo
Step 1: Initialize the parameter vector P = [,01,---,,0K ] len,
: o - Cne
Step 2: for iter = 1 : convergence (lterative iv estimations) 9n It
for each subsystem k "oty 3
i. Generate the instrumental variables yk from the auxiliary model nsl‘fu,hfofft/;,h
with the estimated polynomials based on the estimated Nts o Opg,
parameter vector O, Mize the
|ter
i. Update the filter F_, (P, 0,) with the new estimate
y
|ter [
(p /Ok) =

iii. Then evalua:ce the prefiltered derivatives of U, (t) , Xy (t) andyk (t)
D%u, ( (1) = Fz* (p)u, (1)

DYy, (1) = F* (P) Y, (1)
D™ x, (1) = F,* (p)X, (1)

iv. Based on these prefiltered data, compute the new estimates

~ jter ivT ivT
/Ok srivef ( ¢k f ) ¢ ><k,f 15

\




Optimal instrumental variable method for coefficient estimations

MISO model

: : y()
\uk(t) | - YO
@ [ Bep)  |7e® )
3 (A — | 4 [ . A
el . mn WO RO =y 02,0
A i i e ™

[ENraye ) | pEraTay g | ST
A (p) A(p) A(p) A (p) A(p) A(p) (p) A (p) A (p)
]

D

(D™ §/k’f(t)...l— Dt g @] [P ©L-D™u,@©] [ kk,f(t)...—lD"‘Mk'kﬁk,f(t):

Refined IV algorithm

J' k,srivcf 16




Gauss-Newton algorithm for differentiation order estimation

Ll The estimation problem is formulated as a mlnlmlzatlon problem of the [ -norm:

J (9) — A ‘ """"""""""""""""""""""""""" The output error

where the output error is defined as :  &(t, (9) =y (t) - y(t, 6’)
K

and the estimated output is defined as : y(t) = Z Y« (t)

. . . . : . iter
L. AGauss-Newton algorithm is used to compute, iteratively, the differentiation order vector (4 :

/uiter _ luiter—l —ﬂ|:ﬂ1 a_‘]i|
oJ Qu

AT
a is the gradient defined as : 0] ag(t 6))

The error sensitivity
function

£(t, )

ou Bl ou
A is the approximated Hessian given by

AT A
2/ oe(t,0) [oe(t,0),.
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Gauss-Newton algorithm for differentiation order estimation

The error sensitivity function is computed accordingly: k=1..K

o Casel: if a global S-commensurate order is sought : 299

K k k
% 88_ Z E—) _|:Zjbjkpjv+ZZ(J I)bjkalkp(l+J)V

8/1 61/ -1 0 i=1 :| Ny .
J [1+ > a, p'Vj
o Case2: if local S-commensurate order is sought : '
Os | O¢ o | | -0y, -0y
ou | Ov, Ov, ov,  0Ov,

o Case3: if the MISO model is non commensurate :

@_{ag ag}
ou o Oy

A numerical
solution was
computed
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Two-stage algorithm for coefficient and differentiation order estimation

Step 1: Initialize the parameter vector 0° = [,50 , ,&O] ,h'o/@n;ent
Step 2: Iterative all parameter estimation n e
do A iter Yo, ’B‘t/,/e
i.  Compute the coefficient vector©  with MISO-srivcf afa/heta/é’o,/-t/)
er m
N . - L l/ecl‘o ‘o Ope.
ii. Differentiation order estimation r 'my o
Initialize 4 (usually to 1) the
do
a. Evaluate the cost function
b. Refine the O{der est_itmalte L 0J
/uler :luler— _/1 ﬂ— e
c. Evaluate the cost function Qu u=pert
d. Set A=A1/2
. N N Miter-1  ~iter_1
while J ([plter,lulter]) > ] (|:p|ter ”ulter :|)
iii. Form the new estimate parameter vector
N N éiter _ |:lbiter l[liter:|
dim -1 ’
. m oy Hllter _ Qllter
while Aiter—1 .
N 19
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Output Error method for coefficient and differentiation order estimations

L. The estimation problem is formulated as a minimization problem of the fz-norm:

~.
~
~
~,
~
~
~
~.
~o
~

N
.
S
N

The output error

where the output error is defined as :

e(t,0) =y (t) - 9(t, 0)

and the estimated output is defined as :

OEDWAC
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Output Error method for coefficient and differentiation order estimations

Step 1: Initialize the parameter vector 0° = [[)o , ,&0]
Step 2: for iter = 1 : convergence
(Iterative Levenberg-Marquardt for all parameter estimation)

/\.t
Compute the parameter vectord" as

éiter+1 _ éiter _ ﬂ' | -1 a‘],\}
{[ te ] 06

éiter
with
oe(t, )T

o & _ .
~ = Z — &(t,) : thegradient
0 w1 00

oe(t.)' de(t,)

H
Dy — 7 : pseudo_Hessien
1 00 06

& . Marquardtparameter

é\&‘Q)
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Output Error method for coefficient and differentiation order estimations

The error sensitivity function is
o€ o€

o6 - a|:pT/uT:|T

The coefficient error sensitivity function is

85_{85 65}
op |op  Op

where X X X X i
o€ _ Y, _ Yy Yy Yy Yy
0P 0Py by oby, ok oa, 6aNk K
with I < 6 B+ k
& o ! 8)7 Z ik P
S u(t), j=0..M, 1 k- _ 12 u (t), i=1..N,
abj.k & G\ - 0a, N, N
13 4,5 B (3
1= | i=1

The differentiation order error sensitivity function is computed numerically
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Simulation example 1 — Coefficient estimation with known differentiation orders

e-mm 7T Three uncorrelated prbs
=k Jilii | Is] F(s)= 380.215 — ~— S
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Simulation example 1 — Coefficient estimation with known differentiation order

B Hypotheses:

v’ Model structures are known.
v’ The output signal is corrupted by white noise.
v'The differentiation orders are known
B Objectives:
v' Comparison between MISO-srivcf method and MISO-oe method:
v Estimate the unknown coefficients.

v'Performance analysis with a Monte Carlo for 75 runs.
v'Study the influence of the commensurate order.
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Simulation example 1 — Coefficient estimation with known differentiation order

performance of MISO-srivcf and MISO-oe methods.

The table illustrates the numerical results of Monte Carlo simulation and the

True MISO-oe MISO-srivet
P P Tp P Op
bo.1 1 1.0225 | 0.1006 | 1.0096 | 0.0919 1
—_—> FI(S) = 3)025 N\
1,1 3 3.0802 | 04373 | 3.0161 | 0.3623 ) o
g Fz (S) = %‘;o.s . OA 0“
A
bo 2 2 2.0082 | 0.0423 | 1.9996 | 0.0349 3
E I;(g) - 075 N
1,2 2 2.0107 | 0.0598 | 1.9983 | 0.0481
E}[}?g 5 4.9998 | 0.0186 | 5.0017 | 0.0122
a1,3 1 1.0005 | 0.0057 | 1.0009 | 0.0046
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Simulation example 1 — Coefficient estimation with known differentiation order

2

*¢* Unknown differentiation order ;; (Yest (hts) — y*(hty))
; Jap = 10log,, | == =
' saz (hs)2 |
> The cost function is computed for 6} 2 Yest (ts)
different values of the commensurate order 7F |
v, in the stability range (0.4, 1.35), and H -
-9 k- -

plotted versus the commensurate order.
-10 +

> The minimum of the cost function is found i §

at v=0.75. The minimum value of the
criterion equals -19dB. Note that as a NSR
of — 20dB is applied the modeling error is
around 1dB,

-12 +

J (dB)

13
14
-15 +
-16 |
17 +

» The smoothness of the cost function allows 18t |
to implement gradient-based optimization 19 k
algorithms. 20 L1 - - - . - : 1 .

1
0.4 0.5 0.6 0.7 0.8 0.9 1 1.1 1.2 1.3 14
S-commensurate order v
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Simulation example 2 — Coefficient and differentiation order estimation

B Hypotheses:

v Model structures are known.
v’ The output signal is corrupted by white noise.

v The S-commensurate order are unknown

B Objectives:

v' Comparison between the MISO-oosrivcf method and the MISO-oe method:

v Estimate the unknown coefficients and the S-commensurate order.
v'Performance analysis with a Monte Carlo for 75 runs. .

29



Simulation example 2 — Coefficient and differentiation order estimation

S-commensurate order estimation versus number of iterations S-commensurate order estimation versus number of iterations

“MISO-oo0srivcf method” “MISO-0e method”
1,1 T T ' T T T T T T T T 11 T 1 T ] T T T ' T
<—>» | < > < —>» | < >
1r | s . 1k i s}
Estimation d'uny Estimation des o : 1T
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B il 3 | 2
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8 08 i 18 08f i :
o L e S . L T B o i ot 2 e 5 0.75 - R S PR S S S
w v n .
.
& 0.7 i 1§ 07} N :
E | e LS = | \'\
| T ~ ™ E i A
3 06 , S 18 06F ) -
@ P S - A N PR, |, O B I Tt ISR | |l o D T ST o oHe] (PSSR e e ) SN _
°© 0.5 ! \'\ = 0.5F I \ .
o 3 : \\ 6 v ' \
- . ) PR ! -
_____ 01'2 | \ _.—.—01’2 ' \
0.3' et | \\.\ ™ 03- S ! \ -
025+ 1.3 | i S e i 0251 13 | .~ o - —y
. . N e i gl
02 1 .8 | [} 1 | ] 1 | 1 0.2 { 1 L \ { 1 1 1 |
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Simulation example 2 — Coefficient and differentiation order estimation

Hessian matrix

-
-
-
-

,uiter _ luiter—l —l{@l 8_‘J:|
ou

dim(#") =3

In MISO-oosrivcf algorithm, the hessian matrix
contains only differentiation ordres sensitivity
functions

lack of information make
the MISO-oosrivcf
algorithm slower to
converge

-
-

-
-

Ll

-y
-~---
—
-

dim(#) =9

In MISO-oe algorithm, the hessian matrix
contains coefficients sensitivity functions and
differentiation ordres sensitivity functions plus

the cross sensitivity functions between the
coefficients/differentiation orders.
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Simulation example 2 — Coefficient and differentiation order estimation

True MISO-oe MISO-oosrivel
0 7] Fe 7] o
E}[},l 1 1.0079 0.1010 1.0047 0.0919
a1 3 3.0366 0.4073 3.0125 0.3623 1
—| EO =1
¥y.q 0.25 0.2491 0.0135 0.2498 0.0105 -
_ 2 &/ &/
bo. 2 2 2.0082 | 0.0523 | 1.9989 | 0.0439 Fl(s)z [N % e“
a2 2 20107 0.0707 1.9988 0.0625 F ( 5
—| F S)= Y J
3 "\
188794
¥y o 0.5 0. 49837 0.0065 0.50022 0.0056
E}[},g 5 4.9998 0.0116 H5.0117 0.0098

a1.3 1 1.0005 0.0050 1.0009 0.0034

¥1. 3 0.75 0.7504 0.0025 0.7499 0.0012

The table illustrates the numerical results of Monte Carlo simulation and the
performance of MISO-oosrivcf and MISO-oe methods. 32



Simulation example 3 — Coefficient and differentiation order estimation

——————— Three uncorrelated prbs

: : : | White noise
| e e ettt 4. SNR=15dB
0 0 20 ¥ 4 N0 60 1
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Simulation example 3 — Coefficient and differentiation order estimation

B Hypotheses:

v Model structures are known.
v The output signal is corrupted by white noise.

v’ Differentiation orders are unknown
B Objectives:

v' Comparison between the MISO-oosrivcf method and the MISO-oe method:

v Estimate the unknown coefficients and the differentiation order.
v'Performance analysis with a Monte Carlo for 50 runs. .
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Simulation example 3 — Coefficient and differentiation order estimation

Differentiation order estimation versus number of iterations Differentiation order estimation versus number of iterations

“MISO-oosrivcf method” “MISO-oe method”
r T ! T T T 17 T T T 1 T T T T T T
2 5 | i i
I = * !< > < > | <> < >
Global : Local I All order Global LGl All order
commensuratg commensurate : estimation commensurate  § oo curate | estimation
order | order i order i i i
estimation ! estimation ! 3 estimation - . 5
ogl i | Y oS SN e _ gsimaton: | e L Jd
. ! i v P ———— 2.8 = = = |
1 P
25+ ; 20y ;¢ o4 25} . i o |t J
! | e | L4 & T
%) ! 2 L 7 | 2a, . —pV /
P —»> = ' 1.1 :
8 E R g 27 E L g e 1
° i i S i . i
16 T ! Laaanhatadastad et s e s Lo B PR B6r i 01'3 .k > A e —j
i 20, 3_*-‘/‘ 18 ! N =il 0
' 1 ] -
—— — N ' \ o
————— ! 5 - ! === -
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Simulation example 3 — Coefficient and differentiation order estimation

Truo MISO-OL MISO-oosrivef

(7] 7 Ty 0 Ty
b | 1.O01S8 0.0110 1.0001 0.0095
@y .y 0.5 0.5028 0.0192 0.5022 0.0106
a2, 1.5 1.5021 0.0112 1.5023 | 0.0152
si1a 2.8 | 2.7988 | 0.0145 | 2.7902 | 0.0161

!

1.2 1.1985 0.0164 1.1981 0.0108

1

Fi(s) = ’ —\

2 & 1
| 055 1580+
by, o 0.5 0.4995 0.0158 0.5014 0.0145
arz || 0.4 | 0.4031 | 0.0671 | 0.4075 | 0.0452 r ( ) 0.5
S p— VN g

azs || 1.5 | 1.4997 | 0.0466 | 1.5047 | 0.0479 2 045@4_15@4_1 ~

!

iz || 2.5 | 2.5068 | 0.0759 | 2.4958 | 0.0685
Ji2 .2 1.1 1.1009 | 0.0415 | 1.0068 | 0.0356 1.5
% F3 (S) — = ‘l, ﬂ
bos || 1.5 | 1.5021 | 0,0336 | 1.4998 | 0.0298 0.6 LS + 153@ +1
ars || 0.6 | 06121 | 0.1253 | 0.6000 | 0.1234
as .3 1.6 | 1.4801 | 0.1088 | 1.4802 | 0.1023
e 1.6 | 1.5958 | 0.1109 | 1.6023 | 0.1065
paa |07 | 06059 | 0.0538 | 0.6990 | 0.0501

The table illustrates the numerical results of Monte Carlo simulation and the
performance of MISO-oosrivcf and MISO-oe methods. 36
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B Conclusions:

+* Optimal instrumental method for MISO fractional systems.

v' Coefficient estimation
v' Cofficient estimation combined withdifferentiation ordre estimation

**Output error method for MISO fractional systemes.
s»*Initialize procuss (three stage-initialization of differentiation order to reduce the number of parameter

s*Comparison between both algorithm (the oe-MISO method converge faster)

Bl Prospects:

s Application to climate modeling
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