
Abir MAYOUFI, Stéphane VICTOR, Rachid MALTI, Manel CHETOUI, Mohamed AOUN

25/11/2021

Multivariable fractional system identification



2

Outline

22

2

Problem formulation1

Two methods for MISO fractional system identification2

Conclusions and prospects4

Simulation examples 3

Two-stage algorithm

Output error method



3

Outline 

22

2

Problem formulation1

2

Conclusions and prospects4

Simulation examples 3

Two methods for MISO fractional system identification



4

Problem formulation

Consider a MISO fractional system
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Number of inputs

The MISO fractional system is represented by:

Problem formulation

The fractional transfer function

An additive white 
noise

Differentiation orders
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Problem formulation

,

,

,

0

,

1

( , )
( )

( , )
1

k

j k

k

i k

M

j k

jk k

k N

k k
i k

i

b p
B p

G p
A p

a p













 







The fractional global S-commensurate order The fractional local S-commensurate order

,

0

,

1

( ) ,

1

k

k

M
j

j k

j

k N
i

i k

i

b p

G p

a p






 



 







,

0

,

1

( ) ,

1

k

k

k

k

M
j

j k

j

k kN
i

i k

i

b p

G p

a p






 



 







Structured-commensurability (S-commensurability)



7

Problem formulation

The parameter vector θ is defined as :

• ρ gathers all the MISO transfer function coefficients :

• µ gathers all the MISO transfer function differentiation orders :

o Case1: if a global S-commensurate order is sought :

o Case2: if local S-commensurate order is sought :

o Case3: if the MISO model is non commensurate, µ gathers all the differentiation orders :

  
T

  

 1 ,...,
T

K  

with 0, 1, , 1, ,, ,..., , ,..., ,    1,...,
k kk k k M k k N kb b b a a k K    
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T

K  

 1 ,...,
T

K  

with 0, 1, , 1, ,, ,..., , ,..., ,    1,...,
k kk k k M k k N k k K        

Cliquez
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Problem formulation

Cliquez

Local S-commensurate 

order

 Huge number of parameters !

(twice more then an integer system)

 Model's orders varies in wide range !

All differentiation orders

How to limite the nomber of 

parameters ?

Initializiation of differentiation 
orders

Global S-commensurate

order
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Two-stage algorithm

Gauss-Newton algorithm

Optimal instrumental variable 
method

Two-stage algorithm



Optimal instrumental variable method for coefficient estimations
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SISO model
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Limitation :
1. Computation of time domain derivatives of inputs/output signal
2. Amplification of noise in high frequencies  

Filtered derivatives (ex: Poisson’s filter)
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SISO model

 Instrumental variable estimator 

However A(p) is usually unknown
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 minimum variance

 Young showed that the optimal IV estimator is :
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srivc

srivcf_MISO

sriv

srivcf

Optimal instrumental variable method for coefficient estimation

srivc_MISO

Victor et al. (2013) for fractional system 
(SISO) 

Garnier et al. (2007), for CT system (SISO)

Young (1970), for DT system (SISO) 

Garnier et al. (2007), for CT system (MISO) 

Extension to 
fractional MISO 

system
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MISO model

In this case, the error function takes the following form:
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MISO model

Step 1: Initialize the parameter vector 
Step 2: for iter = 1 : convergence (Iterative iv estimations)

for each subsystem k

i. Generate the instrumental variables       from the auxiliary model 
with  the estimated polynomials based on the estimated 
parameter vector

ii. Update the filter                              with the new estimate   

iii. Then evaluate the prefiltered derivatives of            ,             and            

iv. Based on these prefiltered data, compute the new estimates
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Optimal instrumental variable method for coefficient estimations

Refined  IV  algorithm
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Initialization

MISO model
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Gauss-Newton algorithm for differentiation order estimation
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The estimation problem is formulated as a minimization problem of the -norm:

where the output error is defined as :

and the estimated output is defined as :

A Gauss-Newton algorithm is used to compute, iteratively, the differentiation order vector  :

is the gradient defined as :

is the approximated Hessian given by

2
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The error sensitivity 
function
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The error sensitivity function is computed accordingly:

o Case1: if a global S-commensurate order is sought :

o Case2: if local S-commensurate order is sought :

o Case3: if the MISO model is non commensurate :
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Gauss-Newton algorithm for differentiation order estimation

???

A numerical 
solution was 

computed



Two-stage algorithm for coefficient and differentiation order estimation
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Step 1: Initialize the parameter vector 
Step 2: Iterative all parameter estimation 

do
i. Compute the coefficient vector with MISO-srivcf

ii. Differentiation order estimation
Initialize   (usually to 1)

do

while

iii. Form the new estimate parameter vector

a. Evaluate the cost function
b. Refine the order estimate

c. Evaluate the cost function
d. Set

1

1 1
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 
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  
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The estimation problem is formulated as a minimization problem of the -norm:

where the output error is defined as :

and the estimated output is defined as :

2

2

1ˆ ˆ( ) ( , )
2
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The output error 
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k
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

Output Error method for coefficient and differentiation order estimations



Output Error method for coefficient and differentiation order estimations
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Step 1: Initialize the parameter vector 
Step 2: for iter = 1 : convergence 

(Iterative Levenberg-Marquardt for all parameter estimation)

Compute the parameter vector as

with

ˆiter
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The error sensitivity function is

T
T T
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The coefficient error sensitivity function is
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The differentiation order error sensitivity function is computed numerically

Output Error method for coefficient and differentiation order estimations
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White noise 
SNR=20dB

Three uncorrelated prbs

Simulation example 1 – Coefficient estimation with known differentiation orders
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
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Hypotheses:

 Model structures are known.

 The output signal is corrupted by white noise.

The differentiation orders are known

Objectives:

 Comparison between MISO-srivcf method and MISO-oe method:

Estimate the unknown coefficients.
Performance analysis with a Monte Carlo for 75 runs.
Study the influence of the commensurate order.

Simulation example 1 – Coefficient estimation with known differentiation order
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The table illustrates the numerical results of Monte Carlo simulation and the 

performance of MISO-srivcf and MISO-oe methods.

Simulation example 1 – Coefficient estimation with known differentiation order
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 Unknown differentiation order 

 The cost function is computed for
different values of the commensurate order
ν, in the stability range (0.4, 1.35), and
plotted versus the commensurate order.

 The minimum of the cost function is found
at ν=0.75. The minimum value of the
criterion equals -19dB. Note that as a NSR
of – 20dB is applied the modeling error is
around 1dB,

 The smoothness of the cost function allows
to implement gradient-based optimization
algorithms.

Simulation example 1 – Coefficient estimation with known differentiation order
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Hypotheses:

 Model structures are known.

 The output signal is corrupted by white noise.  

 The S-commensurate order are unknown

Objectives:

 Comparison between the MISO-oosrivcf method and the MISO-oe method:

Estimate the unknown coefficients and the S-commensurate order.
Performance analysis with a Monte Carlo for 75 runs. .

Simulation example 2 – Coefficient and differentiation order estimation
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Simulation example 2 – Coefficient and differentiation order estimation

S-commensurate order estimation versus number of iterations
“MISO-oosrivcf method”

S-commensurate order estimation versus number of iterations
“MISO-oe method”
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Simulation example 2 – Coefficient and differentiation order estimation

In MISO-oe algorithm, the hessian matrix 
contains coefficients sensitivity functions and 

differentiation ordres sensitivity functions plus 
the cross sensitivity functions between the 

coefficients/differentiation orders.

11

ˆ

ˆ ˆ
ˆ

iter

iter iter J
I



  


  
     

 
H1 1iter iter J

  


  
   

 
H

Hessian matrix

In MISO-oosrivcf algorithm, the hessian matrix 
contains only differentiation ordres sensitivity 

functions

lack of information make 
the MISO-oosrivcf 

algorithm slower to 
converge

dim( ) 3H dim( ) 9H
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The table illustrates the numerical results of Monte Carlo simulation and the 

performance of MISO-oosrivcf and MISO-oe methods.

Simulation example 2 – Coefficient and differentiation order estimation



White noise 
SNR=15dB

Three uncorrelated prbs

33

+
+

+
+

+

Simulation example 3 – Coefficient and differentiation order estimation

2 2.5 1.1

0.5
( )

0.4 1.5 1
F s

s s


 

3 1.6 0.7

1.5
( )

0.6 1.5 1
F s

s s


 

1 2.8 1.2

1
( )

0.5 1.5 1
F s

s s


 



34

Hypotheses:

Objectives:

Simulation example 3 – Coefficient and differentiation order estimation

 Comparison between the MISO-oosrivcf method and the MISO-oe method:

Estimate the unknown coefficients and the differentiation order.
Performance analysis with a Monte Carlo for 50 runs. .

 Model structures are known.

 The output signal is corrupted by white noise.  

 Differentiation orders are unknown



Simulation example 3 – Coefficient and differentiation order estimation

Differentiation order estimation versus number of iterations
“MISO-oosrivcf method”

Differentiation order estimation versus number of iterations
“MISO-oe method”
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The table illustrates the numerical results of Monte Carlo simulation and the 

performance of MISO-oosrivcf and MISO-oe methods.

Simulation example 3 – Coefficient and differentiation order estimation
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Outline 

22

2
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Two methods for MISO fractional system identification3

Conclusions and prospects5

Simulation examples 4
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Conclusion

Conclusions: 

Prospects: 

Application to climate modeling

 Optimal instrumental method for MISO fractional systems.

Output error method for MISO fractional systems.

Initialize procuss (three stage-initialization of differentiation order to reduce the number of parameter

Comparison between both algorithm (the oe-MISO method converge faster)

 Coefficient estimation
 Cofficient estimation combined withdifferentiation ordre estimation


